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Answer only FOUR (04) questions.

1. (a) Tf G is a group under the operation *, then prove that the identity of GG is unique.

{(b) Let G ={2€C|2z" =1 for some n € Z}.

i. Prove that G is a group under the usual multiplication.

it. Prove that G is not a group under addition.

(¢) If 2 and g are clements of the group G, prove in the usual notation that lz] = |g tag].

o

(a) i Prove that if H and K are subgroups of a group G, then their intersection H N K is also
a subgroup of G.

ii. Let R’ denote the sct of real numbers whose square is a rational number (R’ = {r e
R |r* € Q}). Show that R’ is not a subgroup of R under addition.

(b) i State Lagrange’s theorem.
ii. Prove that if G is a finite group and x € G, then the order of z divides the order of G.

{c) Prove that if G is an abelian group, then every subgroup of (¢ is normal.

3. (a) Let G be an abelian group. Define ¢ : G — G by #(g) = ¢~*. Prove that ¥ is a homomor-
phism.

{(b) Let G and H be groups and let ¢ : G — H be a homomorphism. Prove that, ¢leq) = ey.
where eg and ey denote the identities of G and H respectively.

(¢c) i Hf¢é:G —+ H is an isomorphism, prove that G is abelian if and only if H is abelian.

i, If ¢ : G — H is a homomorphism, what additional conditions on ¢ (if any) are sufficient
to ensure that if G is abelian, then so is H?
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4. {a} 1. Define a zero divisor and a unit in a ring R.

ii. Find all zero divisors and units (if any) in the ring Z of integers.

(b) Let My(Z) = {(i Z) | a,b,¢,d € Z} be the set of n x n matrices with entries from Z.

i. Prove that M,(7) is a ring, with identity 1 (in the usual notation), under the usual addition
and multiplication of matrices.

ii, Find the set of units in My(Z).

(¢) Let R be a ring. Assume a,b and ¢ are elements R where @ is not a zero divisor. If ab = ac,
then prove that either a =0o0r b=c.

5. (a) Consider the ring Q[i] = {a+1b [ a,b € ©} under the usual addition and multiplication of
complex numbers. Prove that Z[i] = {a +ib | a,b € Z} is a subring of Ql4).

(b) i. Show that ¢ : Z — Z defined by #(x) = z? is not a ring homomorphism.

ii. Let ¢ : Z — Zs be defined by ¢(z) = z (mod n). Prove that ¢ is a ring homomor-
phism.

(¢) Determine the characteristics of the the rings, Z and Zjo.



