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L. (a) Let f be a bounded and positive function defined on [a, b]. Let P be a partition
of {a, b]. In the usual notations, define upper Darboux sum U(f, P), lower Dar-
boux sum L(f, P), upper Darboux integral U(f) and lower Darboux integral

L(f)-
[20 marks]

(b) The function f : [1,3] — R is defined by f(z) = 2 + 3. Let P be a partition
of [1, 3] with equally spaced n sub intervals.

(i) Caleulate U(f, P), L(f, P), U(f) and L(f) on the interval [1, 3].

_ [50 marks]
(ii) Is f Darboux integrable over [1,3]? Justify your answer.

[05 marks]

(¢) Let f be a bounded function on [a,b]. If P be a partition of [a, b] then prove
U(f,P), L(f, P) are bounded and U(f, P) > L(f, P) for all partition P.

[25 marks]

2. (a) Prove that a bounded function f on [a, b] is integrable if and only if for each
€ > 0 there exists a partition P of [a, b] such that U(f, P) — L(f, P) < e.

[30 marks]

(b) Let f be a bounded Riemann integrable function on la,b]. Suppose (S,) is
a sequence of Riemann sums, with corresponding partltlons Pn, satisfying

hm ||[p]| = 0. Then prove the sequence S, converges to / f.

[20 marks]
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3.

4.

(¢) Prove the following properties of Riemann integrals.
(i) If f and g are integrable on [a,b] and if f(z) < g(z) for z in [a,b], then

[<)o

b
(ii} If g is a continuous nonnegative function on [a,b] and if / g=0, then g

[25 marks]

is identically 0 on [a, b].
[25 marks]

(a) (i) State the Dominated Convergence theorem and Monotone Convergence
theorem, in the usual notations.

[20 marks]
(ii) Justifying your calculation, compute the following limits.

b n 4

2, qin2
(A) lim (l—l-%) dxr wherea>0 (B) lim , (W

n—oo f, n—0o 14+ (?’LCE)Z

) dx where n > 1.

[40 marks]

(b) State the First Fundamental Theorem of Calculus. Hence find f; f dz, where

tanz
Vrsec? s — ; 0<zx<h
fla) = 2 .
0 ;o =10
[40 marks]
(a) (i) Explain the two types of improper integrals.
[10 marks]
(ii) Evaluate the following improper integrals.
4 dz o 2
A I T——— B = d
W[ mry @ e
[60 marks]
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(b) (i) Define the convergence and divergence of improper integral.
[10 marks]
(ii) What is meant by saying that the improper integral is absolutely conver-
gent and conditionally convergent.

[20 marks]
*® cosz

(iii) Determine the convergence of / dz.

72
[10 marks|

b
5. (a) Show that the improper integral f @ d_a:a)p converges if p < 1 and diverges
forp> 1. ¢
[20 marks]
(b) State and prove the Comparison test of Type II.
' [20 marks]

(c) Examine whether the following improper integrals are convergent or divergent.
Justify your answers.

© 72 4 3z

. w1 dzx
(@) 1 \/a:5+1dx (n)_/f; Vvianz

® 1 +costx

Ve dx .
A - B) v oar i L

[ 60 marks|
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