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1. (a) Starting with the Taylor series expansions of u(z, t — At), u(z,t — 2At), derive

the second order left sided finite difference approximation for = as

ot
3u(z,t) — du(z,t — At) +u(z, t — 2At)
2At )
Further show that the truncation error for the above approximation is given
by
At? 3
_3—(9_; + terms of higher order

[35 marks]

(b) Consider the following 1D Heat equation with initial and boundary conditions:

i I Pl =10 1 |
u(0,t) = go(t), u(l,t) =g:(¢) t>0
u(z, 0)= n(z).

(i) Derive a finite difference scheme to solve the above problem by approxi-
mating the space derivative by the second order symmetric difference
approximation and time derivative by second order left sided finite
difference (part (a)) approximation.

[30 marks)|

(ii) Represent the discrete form of the scheme in a matrix form.
[35 marks]
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2. (a) What it meant by saying that the partial differential equation (PDE) is well
posed? [10 marks]

(b) Define the following terms with respect to the finite difference scheme:
(i) Consistency
(ii) Convergence
(iii) Stability
[30 marks]

(¢) The finite difference representation of the 1D Heat equation is given by

U i

Al N Az?
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where j is a positive constant and Az, At are step sizes of space and time
respectively.

(i) By taking o = show that the above scheme is consistent with the

At
Jum )
1D Heat equation u; = ptlgs.
[30 marks]
(ii) Discuss the stability of the above scheme by using von-Neumann stability
analysis. If the scheme is von-Neumann stable, find the condition for c.

[30 marks]

3. Consider the following Laplace equation:

Ugg + Uyy = 0, 0=zl O<y<l
u(@,0)==z, u(zl)=z+1, 0<y<l1
w(0,9) =y, u(l,y)=y+1 OLzs< L

To construct the grid use 4 subintervals for x spatial variable and 2 subintervals for
y spatial variable.

Find the numerical solution of each grid point and compare those with actual so-
lution of u(z,y) =z +y.

[100 marks]
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4, Consider the following initial-boundary valued problem;

U + Py = Ugy O<z<li

w(0,t) = g1(t), ug(l,t) =go(t) t>0

w0 =h{z) 0Lzl
(i) Derive the finite difference scheme by using centered difference to approx-
imate the first derivatives of ¢, forward difference to approximate the first
derivative of z except at z = [, second order symmetric differences to ap-
proximate second derivative and backward difference to approximate the

boundary condition at z = (.

[60 marks]
(ii) Represent the discrete form of the scheme in a matrix form.
[30 marks|

(iii) What conditions need to be satisfied by the boundary value problem and
boundary conditions in order to apply the von-Neumann stability analysis?
[10 marks|

5. (a) Consider the differential equation Ly + f = 0 in the domain D. Let 9(z) =
Y, ¢iNi(z) be the approximation solution for the differential equation, where
¢;, N; are coefficients and trial functions, respectively. Explain the steps used
to evaluate the approximate solution by using the weighted residual method.

[25 marks]
(b)
(i) In the usual notations, define the weak derivative of a function. Find the
weak derivative of the following function f(z) in the domain (0, 2):

f($)={$ O<z<l1

1 1<z<2

[30 marks|
(ii) In the usual notations, define the vector spaces L*(a,b) and Hj(a,b).
[20 marks|
(iii) Find the weak form of the following boundary value problem:
U (T) + EUplye () = h(z)
u(0) =0, u(l) =0.
du?

T

dr

Hint: 2u ., =

[25 marks)]
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6.

(a) Consider the following boundary value problem:

u"—l—a:u'::rz, O0<ip<1

u(0) =0, u(1) = 0.

(i) For the point collocation method, which function need to be selected as
the weighted function?

[10 marks)]
(ii) Taking the trial function as u(z) = z(1 — z)(cy + ¢1z), solve the above

problem using point collocation method at the points z = 3, 2.

[40 marks]
(b) Consider the following boundary value problem:

u' = sec?(nz)cse(nz) 4z, 0<z<l1
w(0) = 0, u(1) = 0.

(i) For the Galerkin method, which function need to be selected as the weighted
function?

[10 marks]

(ii) Taking the trial function as u(z) = Asin(nz), solve the above problem
using Galerkin method.

[40 marks]
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