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STATISTICS
STAT 36522 — Nonparametric Statistics

No. of Questions: Four (04) No. of Pages: Four (04) Time: Two (02) hours

Answer all four (04) questions.

Non ~ programmable calculators are allowed.

0l.

(@) Write two situations where we use nonparametric statistics.

(b) Explain why median is a robust estimator for extreme distributions. Give an
example to support your answer.

(¢) A car manufacturer claims that the median mileage for their cars is 26 miles per
gallon (mpg). However, a quality controller suspects that the actual mileage might

be lower than 26 mpg, To test this suspicion, the quality controller takes a sample
of 10 cars, with the following mileages in Table 1,

Table 1: Mileages of cars (in mpg)

[ 245 28.9 30.7 3572 27.4 |
1333 28.6 26 31.0 32.6 ]

Assuming the data are not normally distributed:

(i)  State the null and alternative hypotheses to test the quality controller’s
suspicion,
(i) Identify an appropriate statistical test for this data,

(iti)  Using a significance level of ¢ = 0.05, determine whether the quality
controller’s belief that the median mileage is less than 26 mpg is supported
by the data.

02.

(a) A pharmaceutical company claims that their existing medication for reducing
chronic migraines is effective in 55% of cases. To evaluate a new medication, a
clinical trial is conducted with 150 patients who suffer from chronic migraines. The
results show that 90 patients experienced a significant reduction in migraine
frequency after taking the new medication.

(i) Find a point estimate of population proportion.
(1) Construct a 95% confidence interval of population proportion.
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(iii)  Is there sufficient evidence to conclude that the new medication is more
effective than the existing one? Use a significance level of o= 0.05.

(b) A research student has collected GPAs from 12 undergraduates using a simple
random sampling technique. The GPAs are given in Table 2,

Table 2: GPAs of students

13.15 [3.46 | 3.21 | 3.31 [ 3.78 [ 3.60 | 2.98 [ 3.06 [ 3.33 [ 3.02 [ 3.86 [ 3.24 |

Test, at the 0.05 level of significance, whether the sequence of GPAs is random.
03.

(a) Compare and contrast the Mann-Whitney U test and the Wilcoxon Singed Ranks
test. ;

(b) An agricultural company is evaluating the effectiveness of two different fertilizers
in enhancing the growth and yield of tomato plants. One fertilizer is less expensive,
while the other is more costly. The management wishes to determine whether there
is a significant difference in the yield of tomatoes when using these two fertilizers,
as there is a preference among the staff to purchase the cheaper option. To conduct
this study, 20 tomato plants of the same variety were selected, and all other growth
conditions were controlled. Ten of the plants were treated with the cheaper
fertilizer, and the remaining ten were treated with the more expensive fertilizer. The
yield data for each group is provided in Table 3:

Table 3: The yield data (in kilograms of tomatoes produced per plant)

Yield of Cheaper Fertilizer in Kg Yield of Expensive Fertilizer in Kg

(Group 1) (Group 2)
2.8 3.5
3.1 3.8
3.4 3.6
3.0 3.7
2.7 3.4
2.9 3.0
3.2 - 33
2.6 3.2
3.2 2.9
3.0 2.8

Using an appropriate test, clarify whether the two fertilizers arc significantly
different at 5% level of significance.
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(c) A health researcher is studying the effect of a new diet plan on cholesterol levels.
The researcher measures the cholesterol levels of 10 participants before and after
they follow the new diet plan for 8 weeks. The cholesterol levels (in mg/dL) for

each participant are recorded before and after the diet intervention. The dataset
shown in Table 4,

Table 4: The cholesterol levels of participants

Participant Before Diet (mg/dL) After Diet (mg/dL)
L 210 200
2 220 215
. 205 210
o 225 210
5 210 200
6 235 236
1 240 235
8 230 220
9 220 223
10 250 245

Using an appropriate test, clarify whether there is a significant difference in the
participants' cholesterol levels before and after following the new diet plan at 5%
level of significance.

04.

(@) A company is testing the durability of three different types of smartphone screen
protectors (Protector A, Protector B, and Protector C). To evaluate their
effectiveness, the company conducts a drop test from a height of 1 meter on 15
smartphones, with 5 smartphones using each type of screen protector. The number
of drops each screen can withstand before cracking is recorded as in Table 5,

Table 5: Durability of phones (the number of drops)

Protector A Protector B Protector C
10 9 12
12 10 10
11 12 14
13 11 13
10 9 11

Test, at the 0.05 level of significance, whether the medians of the durability (in

number of drops) across the three types of screen protectors are different.
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(b) A tech company is interested in understanding the relationship between the stress
levels of its employees and their productivity. The company measures stress levels
using a psychological scale (where higher scores indicate higher stress) and

productivity as the number of tasks completed in a week. The data are shown in
Table 6,

Table 6. Stress level data and weekly productivity data

Employee Stress Level (Scale 1-100) Weekly Productivity (Number
of Tasks Completed)

1 75 15
2 90 22
3 80 12
4 45 30
5 60 8

6 55 25
7 50 20
8 70 18
9 65 28
10 85 10

(i)  Using Spearman's rank correlation, analyze whether there is a statistically
significant correlation between stress levels and weekly productivity among
employees.

(i)  Interpret the correlation between stress levels and weekly productivity
among employees.
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Appendix
Mann-Whitney U Test

n(ng + 1) ny(n, + 1)

U1 = NNy + 5 = R'l Uz = NNy + 2 — iip

Ry = Sum of the ranks for group 1, R, = Sum of the ranks for group 2, n; = Sample Size of
1stsample, n, = Sample size of 21 sample,

Wald-Wolfowitz two sample runs test

For even number of runs For odd number of runs

ni—=1\/n,—-1 ng ny—1 Ny ny— 1
P(RZZIC) ( )(k 1 P(R=2k+1)—- ( )(k 1)+( )(

ny+ng ni+n;
nq ny

R = Number of Runs, n,; = Sample Size of 15t sample, n, = Sample size of 2" sample.

Kruskal-Wallis H-test

i T; = the rank sum of it sample, N; = sample size for it
- N (N + DZ F{ —3(V+1) sample, N = Full sample size
i=
Spearman Rank Correlation
2
p=1- 62di d; = the difference between the ranks of corresponding variables.
n{n*—1) n = sample size

One Sample Sign Test (Large Sample Approximation)

(5 i 1) ~—1—n S = min(N~,N*), N* = Number of positive differences, N~ =
2) "2 A _ .
7 = o SOV . Number of negative differences, n = sample size
N
2"

Wilcoxon Sign Rank Test (Large Sample Approximation)

W — nn+1) W =min(W~,W™*), W* = the sum of the ranks with positive signs,
B 4 W™ = the sum of the ranks with negative signs, n = sample size
m(n +1)(2n+ 1)

24
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Large Sample Confidence Interval of Population Proportion

. p(1—p) ) p(1—p)
D —Z1-«/2 —n SPRPF oy [———

n

p = proportion of the sample with the characteristic of interest
n = sample size

Cumulative Binomial Distribution Table
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p o= 0.05

0,10

0.15

0.20

0.25
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0.30 0.35 0.40 0.45 0.50
3| 0| 09025 | 08100 | 07225 | 0.6400 | 0.5625 | 04900 | 04225 | 03600 | 03025 | 0.2500
1| 09975 | 09900 | 09775 | 09600 | 09375 | 09100 | 08775 | o400 | 07975 | 0.7500
3] 0 | 08574 | 0729 | 06141 | 05120 | 04219 | 03430 | 02746 | 0.2160 | 0.1664 | 0.1250
1| 09928 | 09720 | 09393 | 08960 | 08438 | 07840 | 07183 | 06480 | 05748 | 0.5000
2| 09999 | 09990 | 0.9966 | 0.9920 | 0.9844 | 09730 | 09571 | 0.9360 | 0.9089 | 0.8750
4 | o | oss | oesel | 05220 | 04096 | 03164 | 02401 | 0.1785 | 0.1296 | 0.0915 | 0.0625
1| oose0 | 09477 | osvos | 08192 | 07383 | 06517 | 05630 | 04752 | 03910 | 03125
2| 09995 | 09963 | o980 | 09738 | 09492 | 09163 | 08735 | os208 | 07585 | 0.6875
30 10000 | 09999 | 09995 | 09984 | 09961 | 09919 | 09850 | 0.9744 | 09590 | 0.9375
5 1 0 | 07738 | 05905 | 04437 | 03277 | 02373 | 01681 | 0.0160 | 0.0778 | 00503 | 0.0313
I 0.0774 | 09185 | 08352 | 07373 | 06328 | 05282 | 04284 | 03370 | 02562 | 0,875
2| 0oss | 09914 | 0973 | 09421 | 08965 | 08369 | 07648 | 0.6826 | 05931 | 0.5000
3 Loooo | 09995 | 0.0978 | 0.9933 | 09844 | 09692 | 09460 | 0.9130 | 0.8688 | 0.8125
i LOono | 1oooo | 09999 | 09997 | 09990 | 0.9976 | 09947 | 0.9%98 | 09815 | 0.9688
6 |0 | 07350 | 05314 | 037710 | 02621 | 04780 | 00176 | 00754 | 0.0467 | 00277 | 0.0156
1 0.9672 | 08857 | 07765 | 0.6554 | 05339 | 04202 | 03191 | 02333 | 0.1636 | 0.1094
1| 09978 | 09842 | 09527 | 0011 | 08306 | 07443 | 0.6471 | 05443 | 04415 | 03438
30 09999 | 09987 | 0.9941 | 09830 | 09624 | 09295 | 08826 | 08208 | 07447 | 0.6563
4 10000 | 09999 | 09996 | 0.9984 | 0.9954 | 09891 | 09777 | 0.9590 | 0.9308 | 0.8906
5 LO000 | 10000 | Looos | 0.9999 | 09998 | 09993 | 09982 | 0.9959 | 09917 | 0.9844
7 1 0 | 06983 | 04783 | 0.3206 | 02097 | 01335 | 0.0824 | 0.0490 | 0.0280 | 0.0152 | 0.0078
1| 09sse | 08503 | 07166 | 05767 | 0.4449 | 03294 | 02338 | 0.1586 | 0.1024 | 0.0625
2| 09962 | 09743 | 09262 | 08520 | 07564 | 06471 | 05323 | 04199 | 03164 | 0.2266
3| om99s | 09973 | 09879 | 09667 | 09294 | 08740 | 08002 | 07102 | 0.6083 | 0.5000
4 LO000 | 0.9998 | 0.9988 | 09953 | 0.9871 | 09712 | 09444 | 09037 | 08471 | 07734
5 Loooo | 1.0000 | 09999 | 09996 | 0.9987 | 09962 | 09910 | 00812 | 09643 | 0.9375
6 Loooo | 10000 | 1oooo | 1.0000 | 0.9999 | 09998 | 09994 | 09984 | 0.9963 | 0.9922
"8 | o | ueezs | 04305 | 02725 | 00678 | 01001 | 00576 | 0.0319 | 0.0168 | 0.0084 | 0.0039
I 00428 | 08131 | 06572 | 05033 | 03671 | 02553 | 01691 | 00064 | 00632 | 00352
2| omvsr | 09619 | osvas | 07969 | 06785 | 05518 | 04278 | 03154 | 02200 | 01445
30 09996 | 09950 | 09786 | 09437 | 08862 | 08059 | 07064 | 05941 | 04770 | 03633
4 10000 | 09996 | 09971 | 09896 | 0.9727 | 09420 | 0.8939 | 08263 | 07396 | 0.6367
5 Loooo | 10000 | 09998 | 099gs | 09958 | oo%87 | 09747 | 09502 | 09115 | 08555
6 Loooo | 10000 | 10000 | 09999 | 0.9996 | 09987 | 09964 | 0.9915 | 09819 | 0.9648
7 Loooo | 10000 | 10000 | 10000 | 10000 | 09999 | 09998 | 0.9993 | 0.9983 | 0.9961
9 | 0 | 06302 | 03874 | 02316 | 01342 | 0.0751 | 0.0404 | 0.0207 | 0.0101 | 0.0046 | 0.0020
| 0.9288 | 07748 | 05995 | 04362 | 03003 | 01960 | 01211 | 0.0705 | 0.0385 | 0.0195
2| owoie | 09470 | ossor | 07382 | 06007 | 04628 | 03373 | 02318 | 0.1495 | 0.0898
3| 09994 | 09917 | 09661 | 09144 | 08343 | 07297 | 0.6089 | 0.4826 | 0.3614 | 02539
4 10000 | 09991 | 09944 | 09804 | 09511 | 09012 | 08283 | 07334 | 06214 | 0.5000
5 LO000 | 09999 | 09994 | 09969 | 0.9900 | 09747 | 09464 | 09006 | 0.8342 | 0.7461
6 Looo0 | 10000 | 1oooo | 09997 | 09987 | 09957 | 09888 | 0.9750 | 09502 | 09102
Lovo0 | 10000 | 10000 | 10000 | 0.9999 | 09996 | 0.9986 | 0.9962 | 0.9909 | 0.9805
Loono | oo | toooo | roooo | toooo | 10000 | 09999 | 0.9997 | 0.9992 | 0.9980



= Two-Tailed Test One-Tailed Test
a=.05 a=.01 a=.05 a=.01
5 - -- 0 -
6 0 - 2 -
7 2 - 3 0
8 3 0 5 |
9 5 | 8 3
10 8 3 10} 5
11 10 5 13 7
12 13 7 17 9
13 17 9 21 12
14 21 12 25 15
15 25 15 30 19
16 29 19 35 23
17 34 23 41 27
18 40) 27 47 32
19 46 32 53 37
20 52 37 60 43
21 58 42 67 49
22 65 48 75 55
23 73 54 83 62
24 81 61 91 69
25 89 68 100 76
26 98 75 110 84
2 107 83 119 92
28 116 91 130 101
29 126 100 140 110
30 137 109 151 120

Critical Values of r in the runs test
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Given in the tables are various critical values of r for values of m and n less than or equal to 20, For
the one-sample runs test, any observed value of r which is less than or equal to the smaller value, or
is greater than or equal to the larger value in a pair is significant at the a = .05 level,

i b 2 3 4 5 [ 1 8 9 10 11 12 i3 14 15 13 17 18 19 20
2 2 2 2 2 2 2 2 2 2
3 2 02 2 2 2 2 2 2 2 3 3 3y 3 3 3
4 2 2 303 03 03 3 3 3 3 a4 4 & 4

g B s m = W w4 m = ® & = B s

5 2 2 ] ] 4 [ 4 4 4 4 5 5 5
9 10 10 11 1 - - - - - - .. “- - -

6 2 2 ) 303 4 4 4 & 5 5 5 5§ 5 % 6
o 9 10 11 12 12 13 13 13 13 - - - - - - - -

7 74 2 3 3 4 4 5 5 5 5 5 6 & 6 6 -] b
< -1l 12 13 13 M 16 16 e 15 15 18 - = = - .

8 3 3 4 L] 5 5 5 6 6 6 6 6 1 1 7 7
- - 112 13 16 1 15 15 16 16 16 16 17 17 17 17 17

9 2 3 3 4 4 5 5 S & & 6 1 1 1 1 & & 8
- - = 13 14 14 15 16 16 16 17 17 18 18 18 18 18 18

10 2 4 5 5 5 6 6 7 7 7 7 8 B. 8 8 9
- - - 13 M 15 16 16 17 17 18 18 18 19 19 19 20 20

11 2 3 b 4 5 5 3 6 7 7 ? 8 8 8 9 9 9 9
- - = 13 14 15 16 17 17 18 19 19 19 20 20 20 21 21

12 2 2 3 4 4 5 6 6 7 ) 7 8 8 8 9 9 9 10 10
< = = = 13 M4 16 16 17 18 19 19 20 20 21 21 21 22 22
302 2 3 s $ 6 6 71 1 & B 9 9 9 10 10 10 10
- - - 15 16 17 18 19 19 20 20 21 21 22 22 2] 2)

w |2 2 3 4 5 s 6 1 1 8 & 9 9 10 10 10 1 1
- -« = - 15 16 17 18 19y 20 20 21 22 22 23 23 23 I

15 |2 3 03 4 % 6 6 7 7 8 8 9 9 10 10 11 4 11 12
- = = - < 1S 16 18 18 19 20 21 22 22 23 23 2 W25

6 |2 3 4 & 5 6 6 7 8 & 9 9 10 W0 1l 11 1 12 1
« = e e % = 1718 19 20 2 21 22 23 2y 34 25 25 1S
72 3 4 4 5 6 7 17 B 9 10 10 1o 12 1z 1)
- - - = - -7 18 19 20 21 22 23 23 225 25 26 26

| o2 4 % 5 & 1 8 8 9 9 10 10 11 11 12 12 13 13
- - - - - 11 18 19 20 21 22 23 24 25 25 26 26 27

19 2 3 4 5 [ 8 B G 10 10 1l 1l 12 12 13 13 13
- - - - - - 17 18 20 21 22 23 23 24 25 26 26 217 27

w | o2 A% 6 6 7 8 9 9 10 10 1t 12 12 13 13 13
- - - - - - 17 18 20 21 22 23 24 25 25 26 bR 7 28

* Adapted from Swed, and Eisenhart, C. (1943). Tables for testing randomness of grouping in a sequence of alter-
natives, Annals of Mathematical Statistics, 14, 83 86, with the kind permission of the authors and publisher.

Critical Values of the Mann — Whitney U
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el AT s e s (Wil Bl sl Gl & a 19 [ 20
3 050 -—-lo0Jo it 223734455 6l6l77]zg
lotl —~Jolololololololol 11T 2 121212133
g 2081 =10l 123|445 6f7 89 t0ltt]|uuli2]3lu
lot] [~ Tolololt i1 l2]213 34 s1s|lo6loe] 7] 8
s 2051 01 L1203 s )67 8|9 |23 14[1s5]|17[18|19]20
Lot~ ~Tol 11234516l 71713 9 1ot 12]13
6 2051 L1213 15 168 10|t |3[1al16|17]19]21]22]2a]25]27
lot] ~Tol 12 3 4a]s5]6l79 10l 13115 16]17] 18
7 2051 L 13156 |8 |10[12]14]16]18[20]22]24]26]28]30]32] 34
lot] - To |l 1314670 10]12]13]15016/18 1921|227 24
g 2051 2 [ 4|6 |8 10]|13[15|17]19]22(24][26][29]31]34]36]|38] 4
lot] -1 [ 214 67 o lulmlisl 17118202 24 | 26 | 28 | 30
9 ~050 2 1417 | 10121517 |20(23]26] 2831 [34]37]39]42]as|as
Lot ol 1 [ 3517 o ti[13]16]18]20] 22 2a]27 29 | 31 | 33 | 36 |
jo 2050 315 | 8 |11 ]14]17]|20]|23[26]29](33[36]39]42]|45] 43| 52 55
Lot] o 2|46 9o [11[13]16]18]21]24] 262003 34 | 37 | 39 | 42
10051 31619 [13]16]19]23]26[30[33][37[4044]47]5155]58]62
o1l o215 [ 7 [10]13]16] 18] 21 24127 30 3 36 139 | 42 | 45 | 48
o 2051 4 17 L1t | 14181222629 33137414549 531571611651 69
Lot] 1 {3 [ 6 912 15| i8]2i 2427313413 41 | 44 | 47| 51| 54
03 05] 4 8 12 16 120 | 24 |28 | 33| 37| 41 45 | 50 | 54 | 59 | 63 | 67| 72| 76
lotl 1 [ 3|7 [0l 131720 242713134 38 42 | 45 | 49 | 53 | 56 | 60
142051 5 19 1311712202631 |36[40/[45][50] 55|59 64]67]74] 78| 83
Lotl 1 14 [ 7 i {1518 [ 22 [ 26 | 30 | 34 | 38 | 42 | 46 50 | 54 | 58 | 63 | 67
152051 5 110141192429 )|34]39]|44]|49(54]59]64]70]75] 80| 85] 90
Lot 2 [ s [ 8 [12( 1620|2429 33137 42 | e 51 155]60] 6469 73
162050 6 | 11115121 126]31|37|42|47[53]50] 64|70 75]81]86] 9203
lot] 2 | s [0 [13 1822 2731|364l ] 45] s0 55160165 70| 74 | 79
172051 6 1 11117122128 )34/39[45/[51|57[63167] 7581 187]93] 099|105
Lot] 2 [ 6 [ 10 15[ 19 [ 24 | 29| 34 [ 39 | 44 | 49 | 54 60 | 65|70 | 75 | 81 | 86
g 051 7 112118124 30[36 |42 4855|6167 74]80] 8 | 9399 |106]112
Lot} 2 6 [ 11 {1621 263137 42 47 53] 38 [ 64|70 75 | 81| 87 [ 92
o 051 7 1131191253238 45| 52[58 65| 7278 |85] 92|99 |106]1131119
[o1] 3 [ 7 [ 12 [ 1722 [ 28 [ 33 39| 45 51 | 56 [ 3 69 | 74 | 81| 87| 93 | 99
20 =051 8 114120127 ]34 |41 |48|55[62[69] 7683|9098 |105|112]119]127
lot] 3 18 [13] 182430 36| 4248 54 |60 67|73 79 1 86 | 92 [ 99 | 105

Chi-square Distribution Table
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995

3 99 975 95 9 | 05 025 01

1 0.00  0.00 0.00  0.00  0.02 2,71 3.84 5.02 (.63
21 0.01 0.02 005 010 0.21 4.61 5.99 7.38 9.21
J31 007 0.11 0.22 035  0.58 6.25 7.81 0.35 11.34
4 0.21 0,30 048 071 1.06 7.78 9.49 11.14 13.28
) 0.41 0.55 0.83 1.15 1.61 9.24 11.07 12.83 15.09
G| 068 087 1.24 1.64  2.20 10.64 12.59 14.45 16.81
71 099 1.24 1.69 217 283 12.02 14.07 16.01 18.48
3 1.34 L1.6H 218 273 3.49 13.36 15.51 1753 20.09
9 1.73 2.09 270 333 4.17 14.68 16.92 19.02  21.67
10| 2.16 2.506 325 3.94 487 15.99 18.31 2048 23.21
11 2.60  3.05 3.82 4.7 H.08 17.28 19.68  21.92  24.72
12 3.07 3567 440 0 523 6.30 18,05 21.03 23.34  26.22
13 3.07 411 5.01 .89 7.04 19.81 2236 2474 27.69
14 4.07  4.66  5.63 G.67 779 21.06  23.68  26.12  29.14
15 ] 4.60 523 626  7.26 850  22.31 25.00 2749 30.58
16 5.14 5.81 6.91 7.96  9.31 23.54  26.30  28.85 32.00
17 | 5.70 (.41 7.06 867 10,09 2477 27.59  30.19  33.41
181 6.26 7.01 8.23 939 10.86 2599 2887  31.53 3481
19 (.84 7.63 891 10.12 11.656  27.20  30.14 3285  36.19
20 7.43 3.20 959 1080 1244 2841 31.41 34.17  37.57
22 | 8.64 .64 1098 12,34 14.04 30.81 43.92  36.78  40.29
24 9.89 10.86 1240 13.85 15.66  33.20  36.42  39.36  42.98
26 | 1116 12,20 13.84 1538 17.29 35.506 38.89 41,92  45.64
28 | 1246 13.56 1531 16,93 18.94 37.02 41.34 4446 48.28
30 1 13.79 1495 16.79 18.49 20.60  40.26  43.77  46.98  50.89
32 | 1513 1636 18.29 20,07 2227 4258  46.19  49.48  53.49
d4 1 16,50  17.79  19.81 21.66 2395 4490  48.60  51.97  56.06
48 1 19.29 20,69 2288 2488 27.34  49.51 n3.38 56,90  GL.16
42 1 22,14 23.65  26.00 28.14 30.77  54.09  58.12 G1.78  66.21
46 1 25.04  26.66 2916 31.44- 34.22  58.64 (6283  66.62  71.20
50 [ 27.99 2971 3236 3476 37.69 6317 6750 7142 76.15
5 | JL73 33.57 3640 3896 42.06 68.80  73.31 7738 82.29
60 | 35.03 3748 4048 43,19 46.406 7440  79.08  83.30  88.38
G5 | 39.38 4144  44.60 4745 50.88 7997 8482  89.18  94.42
70 | 43.28 4544 4876 5174 5533 8553 90.53 95.02  100.43
75 | 47.21 4948  52.94  5G.05  59.79  91.06  96.22 100.84 106.39
80 | 5117  53.64  57.15  G0.39 6428  96.568 101.88 106.63 112.33
85 | H0.17  H7.63 6139 64.75 G878 102.08 107.52 112,39 118.24
90 1 59.20  GL7H 6565  6G9.13  73.20 107.57 113.15 118.14 124.12
95 1 63.25 G590 6992 73.52 77.82 113.04 118.75 123.86 129.97
00 | 67.33 70,06 7422 77.93 8236 11850 124.34 129.56 135.81
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