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1. (a) (i) In the usual notations state L; norm, L norm and L., norm of x =
(1, T2, -y Tn)" defined on R™.

(ii) Briefly explain why this ordering ||x|le < [|%|l2 < ||%][1 holds in general.

(ii) Letx = (3, —4,12)7 be a vector in R®, compute the norms of ||x]1, ||x]]2 and {[x]|e-

(b) (i) State the four properties that a real-valued function must satisfy to be a
matrix norm. :
(i) Verify that the function || - || defined on C™*" by

1Zi<m £

1Al = max Y layl,
j=1
is a norm on C™*", where A = (a;;) € C™™.
(¢) (i) Find the condition number of the following system of equations:

2 + y=—1
r+3y=2.

(if) How do you determine the given system of equations is ill conditioned or
well conditioned?
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2. (a) Approximate /0 1 T _:3;2 dz to the first decimal place using the Trapezoidal
rule.
(b) The two-point Gauss quadrature rule approximates an integral over [—1, 1] as
1
/_1 g(t) dt = wi g(t1) +wa g{ta).

(i) By requiring this formula to be exact for all polynomials g(t) of degree
< 3 (i.e. testing it on g(t) = 1, ¥, t?, t*), derive a system of equations
relating wy, wa, t1, 2.

(ii) Solve the system of part (i) to show that

1 1
1U1='LU2=I, t]_=—%,

(iii) Evaluate the following integral using the two-point Gauss quadrature ap-

* proximation formula,
i
1
I= / dz.
0 1+ .Tz

3. (a) Consider the following system of linear equations;

1055‘]_ — Ty +2£E3 =6
—x1 + 11y — 23 =25
2z] — Ty + 10z3 = —11.

(i) Show that the coefficient matrix of the above system is strictly diagonally
dominant, and state what this guarantees about the existence, uniqueness,
and convergence of iterative solutions for this system.

(ii) Using the Gauss-Seidel method, perform three iterations to approximate
the solution of the system above with the initial approximation as (0, 0, 0).
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(b} (i) In the usual notations write the general formuila for the Successive Over
Relaxation (SOR) method.
(i) Explain the Successive Over Relaxation method and the Successive Under
Relaxation method using weighted value.
(iii) Solve the following linear system using the Successive Over Relaxation
(SOR) method with the initial guess as (0,0). Take the weighted value
appropriately and calculate the solution until the second iteration.

dr+y="T,
r+3y=25.

4. Consider the following initial value problem:

dy
— = =1.

Using a step size of h = 0.2, approximate the value of %(0.2) using the following
numerical methods. Show all intermediate calculations clearly.

(a) Use the Taylor series method of order three to obtain an approximation for
y(0.2).
(b) Use Heun's method to approximate the solution at z = 0.2.

(c) Use the classical fourth-order Runge-Kutta method (RK4) to approximate the
solution at z = 0.2.

(d) The exact solution of the given initial value problem is
y(z)=2¢" -z — L

Calculate the exact value of 4{0.2) and compute the absolute errors of the
approximations obtained in parts (a)—(c}). Determine the most accurate nu-
merical method according to the results.
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d.

(a) In the usual notations,

(i) define Well posdness of the initial valued problem.
(i) define the Lipschitz condition of & function.
(iii) state the theorem for finding error bounds for the Euler’s method.

(b) Consider the following initial valued problem with the initial condition,

fty)=t—y+2 0<t<1
y(0) = 1.
(i) Show that the function f satisfies the Lipschitz condition.
(ii) Hence, show that the given initial value problem is well-posed on D =
{{t,y) | 0<t<1, —00 <y < oo}
(iii) Find the error bound for the Euler’s method to approximate the above
TVP with & = 0.25. Consider the exact solution as y(t) =t +1+¢e™"
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