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Answer Six (06) Questions Only

(1) Prove that for any (two events 4 and B
P(Aw B)= P(A)+P(B)-P(ANB).
Extend this result for any three events 4,B and C.

(ii) When a person visits a dentist, the probabilities that he will have his teeth cleaned,
a cavity filled and removed the enamel of a tooth are 0.44, 0.24 and 0.21
respectively. The probabilities that he will have his teeth cleaned and cavity filled,
his teeth cleaned and removed the enamel of a tooth, his cavity filled and removed
the enamel of a tooth are 0.08, 0.11 and 0.07 respectively. The probability that he
will have all three, that is, his teeth cleaned, cavity filled and removed the enamel
of a tooth is 0.03.

Calculate the probability that a person visiting this dentist will have at least one of
these activities,.
A consulting firm rent 60% of cars from company Ay, 30% from company A- and 10%
from company As. Probability of a car requiring a tune-up given that it is rented from A,
is 0.09. These probabilities for A, and Az are 0.2 and 0.06 respectively. Calculate the
probability that the car was rented from company A, given that the car rented by the
consulting firm requires a tune-up.

(1) In the usual notation, write down the probability density function for a binomial
distribution, ‘

(i1) Determine the moment generating function of the above binomial distribution.
Hence find the mean and the variance of the distribution.

When a machine is functioning properly, 3% of the parts produced are defective. Suppose
that a random sample of 12 parts has been observed for defects. Model this situation as a
binomial distribution.
Hence compute the probability of having

(1) more than 1 defective part in the selected sample.

(i) more than 1 defective part in each of two such samples.
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3. (a) (1) In the usual notation, write down the probability density function for a normal
distribution with parameters ;i and o .

(i1) Determine the mean and the variance of the normal distribution given above.

(b)  Finance division of a particular bank has complied data on the pay-back duration of credit
card accounts and is assume to be normally distributed with mean 28 days and standard
deviation 8 days.

(1) Calculate the percentage of accounts whose pay-back durations are in betwecn 20
and 40 days.

(i1) Bank administration is interested in sending reminder letters to the accounts in the
largest 15% pay-back duration. How many days an account should be without
pay-back before a reminder letter is received.

(i) The bank administration would like to give a discount to the accounts which pay
their balance on or before 22 days. Compute the percentage of the accounts which
receives this discount.

4. Bivariate random variable (X,¥) have the joint distribution defined by the following table of
probabilities:

A}'
Ll 2 3
) i 4 b
12 6 12
¥ 3 L] 0 i
6 b
1
4 0 - 0
3 —— ]
Find
(1) the marginal probability :nass functions of X and Y,
(i)  PX=Y),
(i) P(X =2orY =4),
(iv)  P(X+Y<4),
v)  E(Y|X=3).
5. Random variables X and Y have joint probability density function f, (x,y) given by
_ 8xy ;0<x<y<]
_f_\")'(x-: )= : .
0 : Otherwise
Find
(1) the marginal probability density function of X',

(i1) the conditional probability density function of X given ¥ =y,
(i) POY YT =%),
(iv)  PX<K|¥<Y<l).

§5)
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O.

(b)

(a)

(b)

(1) Define what 1s meant by the correlation coefficient.

(11) Let U =kX , W =/kY : where k is a constant.
Show that the correlation coelficient of U and W is the same as the correlation
coefficient of X and Y.

(1) If X+Y and X +VY are uncorrelated, show that Var(X) =Var(Y).

(i1) Suppose that the random variable X has the following discrete probability
distribution:

v [ o L

P(X:'Y)J% % 1%

Compute Var(X), Var(X”)and the correlation coefficient of X and e

Random variable X have Beta(a,b) distribution with probability density function

I'(a).
[(x)= 1 X1 =x)"", for 0<x <1 ; where B(a,b) :_EM.
j Bla,b) Fatb)
Show that £(X) = and V(X) = ab 1
a+b (a+b+D)(a+b)

X and Y be independent random variables, each having a Gamma distributions with
X
X+Y

parameters («,c) and (b,&), respectively. Consider the transformations U = and

V=X+Y.
Find the joint density of U and V.

Hence
(1) Show that U/ and ¥ are independent.
(i1) Obtain the marginal distributions of U and V. Identify these distributions.

[Hint: You may assume the distribution function of a gamma distribution with

, 1 ol 87
parameters (1,0) as f,(x)=——0"x""e”", forx>0]

1'(n)
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8.

(a)

(b)

(1) Let {X},X,,...,X,} be a random sample drawn from a continuous distribution
with cumulative distribution function F, and probability density function f, .

Let Y, denote the #"™ order statistic.

Show that the probability density function of Y 1s given by

& W =nlFeMI" £, (»)

(i) Let {X,,X,,X,}be a random sample drawn from the uniform distribution with
- : i _ ﬂ 0<x<l
probability density function given by £, (x) = ‘
’ 10 ; otherwise
and ¥ =X, ; where X ,, is the 3" order statistic.

Show that P }’>l :Q.
64

Joint density of the /" and 5" ( » < 5) order statistics of a random sample {X, X,.....X,}
from a population with cumulative distribution function F,and probability density
function /., is given by,

n!

(r-D(s —r: 1)Y(n-5)! [F" (x)]r_l [F‘, (=5, (I)]H_l [1 ~F U’)]H S @)

Show that the joint density function of X, and X, for a uniform population in the
interval (0,1) is,

gx,.x,, (X y)=n(n-1)(y- x)"% 0<x<y<l,

Byt BNV =

'YU]
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