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Answer six (06) Questions only.
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Let §={1+52:ne N} Find infSand sups.

n

IfSCTc R, where S # @, then show that
(i) if T is bounded above then supS < supT
(i1) if T is bounded below then inf T < infS.

State the completeness property of the real numbers.

Let a, b € R. Show thatifa < b + %, forallm € N, then a < b.

By using the ¢ — N definition of a limit of a sequence, show that

. 2n?%-5 2
lim ==,
n—o \3n2+7n 3

Let {a, o, {bn)s=1 and {cy}m=q be real sequences such that a, < b, < ¢y, for
allm € Nand lim a,, = lim ¢, = ¢, where £ is finite. Prove that lim b, = £.
n—oo
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Evaluate the limits of the following sequences (sy,):

: 1 s _ 3\ _ 3+2Vn
(1) Sy = S (i1) Sp = (1 + n) (i) s, = =
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(a) Show that the monotonically decreasing bounded below sequences are
convergent.

(b) A sequence s, is defined by the recursive formula s, 1 = i and s; = 3.

Show that

(1) 1<s,<3forallneN
(i) (s,,) is a monotonically decreasing
(iii)  (sy) is convergent.

Find lim s,,.

mn—oo

A function f is twice differentiable on an open interval containing the point c.

If f""(¢) < 0, then show that the graph of f is concave downward at the point P(c,f(c)).

Suppose that a function f is defined by f(x) = "x‘:
(i) Use the second derivative test whenever applicable to determine the

extrema of f.
(ii) Discuss the concavity of f and find the points of inflection if any.
(iii)  Determine the horizontal and vertical asymptotes of f if' any.
(iv)  Sketch the graph of f.

(a) Consider the geometric series }in=g X™.

(i) Show that the series is convergent if |x| < 1 and that it is divergent if
|x| = 1.

= e LG
(i) Show that the sum of the series is T incase |x] < 1.

(iv)  Find the value of « that satisfies the following equation:
Dl )™ =2

(b) Determine whether each of the following series is convergent or divergent:
. oo n . oo —n?
M () (i) Tpyne ™.
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Test, giving sufficient reasons, whether each of the following series is convergent:

e'/n ("

() e (1) (i) Xa=

1
n n2n’

Define the absolute convergence and conditional convergence of a series.

Determine, giving sufficient reasons, whether each of the following series is absolutely
convergent, conditionally convergent or divergent:

M 3oL CL ) EmL e i) np, S

ninn n2+1

Show that e* and xe* are solutions to y"' — 2y' +y = 0.

eZI

Hence solve y"' — 2y' +y = (1ten)?"

a?(x dy—y dx)
x24+y?

Show that x dx + y dy = is exact and find its general solution

By using substitution v = % or any other method, find the general solution to the

differential equation: (x +y) % =x-Yy.

Use Laplace transformation to solve the following differential equations

TP
) o et—r=0

. d?y N4y
(i t_Z+ (t—1) ——y=0
Solve for t = 0 the following simultaneous first-order differential equations

dx  dy o pit
dt+dt+5x+3y e

dx  dy _
2t txty= 3
Subject to the initial conditions: x = 2andy = 1 att = 0.
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